We extend the input-output formalism of quantum optics to analyze few-photon transport in waveguides with an embedded qubit. We provide explicit analytical derivations for one and two-photon scattering matrix elements based on operator equations in the Heisenberg picture.
I. INTRODUCTION
In the context of quantum information technology, including quantum computing devices, understanding the interaction between a few-photon state and a two-level atom plays an important role [1] [2] [3] . The photons are a possible candidate for the 'flying qubit' that carries the information, and the two-level atom constitutes the 'stationary qubit' where the flying qubits are generated on demand and correlated with each other.
Recently, there has been an increased activity in analyzing the properties of photons propagating in a waveguide coupled to a qubit-a two-level quantum mechanical system. Experimental demonstration of the control of single photons was made in a waveguide coupled to an optical cavity with an atom in its near field [4] . Similar effects were observed in the microwave domain, when low frequency photons in a transmission line were coupled to a superconducting qubit [5, 6] , which later was shown to act as a photon amplifier [7] .
To theoretically model such systems one needs to consider a continuous set of waveguide modes that are free to propagate in one dimension, either directly coupled to a multi-level system (referred to as an 'atom' in the paper), or indirectly coupled through an optical cavity with a discrete set of modes. Photon transport properties are non-trivial in these structures [8] [9] [10] [11] which can be tailored to perform logic operations [12] or form a diode [13] . Exact solutions of one and two-photon scattering have first been reported in [9, 11] .
The most widely used theoretical approach is to treat the set of equations in the Schrödinger picture, and apply the Lippmann-Schwinger formalism to calculate the reflection and transmission properties of the single and multi-photon states [10, [14] [15] [16] [17] . An alternative technique is to use the reduction formulas from field theory to calculate the scattering matrix of the system [18, 19] . Time-domain simulations that take the waveguide dispersion into account are also possible, and an interesting radiation trapping mechanism was recently predicted [20] .
In this paper, we extend the input-output formalism [21, 22] of quantum optics-an Heisenberg picture approach originally introduced to analyze the interaction between an atom * shanhui@stanford.edu in a cavity and a continuous set of electromagnetic states outside of the atom-cavity system-to analyze the transport of few-photon states in a waveguide with an embedded qubit. In the input-output formalism one obtains a nonlinear set of operator equations based on the Hamiltonian of the system. For a coherent or a squeezed state input, this formalism has been extensively used to calculate various coherence properties of the output state of light. Here, we show that one can adopt this formalism to obtain exact results regarding one or two photon properties. To do so, we establish a relationship between the input-output formalism and the scattering matrix elements of the system. Our approach complements the existing theoretical literature and bridges different analytical techniques.
The paper is organized as follows: In Section II we introduce the Hamiltonian of the system. In Section III we build the link between the scattering theory and the input-output formalism and continue in Section IV with the derivation of the one-photon transport properties. In Section V we show how to extend the calculations to the two-photon case. In Section VI we make observations on correlation function calculations based on coherent state inputs and end with our conclusions in Section VII.
II. HAMILTONIAN
We start by discussing the model Hamiltonian that we will use in this paper. As an illustration of the formalism, we consider a two-level atom coupled to a single polarization, singlemode waveguide [9] , and treat the transport properties of fewphoton states in such a system (Fig 1) . The Hamiltonian,H, is defined as ( = 1)H =H 0 +H 1 .
HereH 0 describes a chiral, i.e. one-way, waveguide where photons propagate in only one directioñ
andã β ,ã † β are the annihilation and creation operators for the photons with a wavevector β respectively. In Appendix A we calculate the reflection and transmission probabilities for photons in a waveguide where the fields propagate in both directions and show that the results are straightforward extensions |e |g of the chiral case. The operators obey the commutation rela-
.H 1 describes the atom as well as the atom-waveguide interactioñ
Here,Ω is the atomic transition frequency, σ ± are the raising and lowering operators for the two level atom and σ z = 2σ + σ − − 1. V denotes the coupling strength between the atomic states and the waveguide modes. The derivation of the Hamiltonian is based on the dipole and the rotating wave approximations [23] as well as taking the continuum limit for field operators. The details of taking the continuum limit are discussed in Appendix B. It will be useful to haveH in terms of the frequency of the photons instead of their wavevector, therefore, we linearize the waveguide dispersion around (β 0 , ω 0 ) asω(β) = ω 0 +v g (β− β 0 ) (see Fig 2) . Notice that the total excitation operator
We could thus equivalently solve a system as described by
where
Here Ω =Ω − ω 0 , and we also extended the lower limit of integration to −∞ so that we can define the Fourier transform of operators in the next section. Since we will be dealing with states with wavevectors around β 0 , the extension of the integration limit is well justified [24, 25] . Finally, we complete our transition from wavevectors to frequencies by defining ω ≡ v g β, and the operator a ω ≡ã β+β 0 / √ v g , which satisfies the commutation relation [a ω , a †
As a result of all these changes, we have
Throughout the paper, the labels for photon degrees of freedom, for example k, p, refer to photon frequency.
III. CONNECTION BETWEEN THE SCATTERING THEORY AND THE INPUT-OUTPUT FORMALISM
In a typical scattering experiment, various input states are prepared and sent towards a scattering region. After the scattering takes place, the outgoing states of the experiment are observed, and information about the interaction is deduced. The mathematical formulation of such a process is commonly made using the scattering matrix with elements of the form
where |k 1 k 2 denotes the input states-here given as a two particle state with energies (frequencies) k 1 and k 2 -and |p 1 p 2 the outgoing states. These input and output states are assumed to be free states in the interaction picture that exist long before, t → −∞, and long after, t → ∞, the interaction takes place. The S operator, then, is equal to the evolution operator in the interaction picture, U I , from time −∞ to +∞,
where H 0 is the non-interacting part of the Hamiltonian, and H = H 0 +H 1 is the total Hamiltonian. 1 In order to have a more compact notation, we will drop the limits and imply t 0 → −∞ and t 1 → ∞.
An equivalent way to describe the scattering is in terms of the scattering eigenstates |k 1 k ± 2 that evolve in the interaction picture from a free state either in the distant past or the distant future
The interaction picture time evolution operators that relate scattering and free states are called the Møller wave operators, Ω ± . The scattering operator can equivalently be written as S = Ω † − Ω + . 2 It is also possible to write the scattering matrix elements as
1 See [26] for more information about stationary scattering theory. [27] provides a historical account of the developments related to the S -matrix. 2 There is also an alternative definition of the scattering operator S ′ = Ω + Ω † − which relates the incoming and outgoing scattering eigenstates, [28, 29] for details.
We should note that scattering eigenstates and the free states with the same quantum numbers have the same energies, that is [26] . It is possible to denote the scattering matrix elements by an appropriate definition of input and output operators such that
have the property of creating input and output scattering eigenstates
We now relate the scattering theory, as briefly sketched above, to the input-output formalism [21, 22] of quantum optics. To do so, we start by recalling the definition of the input field operator [21] 
where a k (t 0 ) ≡ e iHt 0 a k e −iHt 0 is an operator in the Heisenberg picture. The relationship between a in (t)-which is defined in the input-output formalism-and a in (k)-which is defined above in (5) as a result of the scattering theory-can be determined by noting that
where in the second line we used the fact that [H 0 , a k ] = −ka k to convert the a k e ikt 0 term into e −iH 0 t 0 a k e iH 0 t 0 . As a result, a in (k) provides the spectral representation of a in (t) in the limit t 0 → −∞. Similarly, the output field operator in the input-output formalism
is related to a out (k) in the scattering theory through
in the limit t 1 → ∞. We have thus established a direct connection between the input-output formalism, and the scattering theory. We should note that a different set of input and output operators were defined in [30] with an aim to make a connection to correlation functions. In [31] , a similar set of input-output operators were defined in order to relate two different quantization schemes in dielectric media. To the best of our knowledge, the explicit link we provide above between the input-output formalism and the scattering theory has not been previously published in the literature.
IV. SINGLE-PHOTON TRANSPORT
Now that we know the relationship between the inputoutput formalism and the scattering theory, let us now calculate the S -matrix elements p|S |k between two single photon states |k and |p . Following the standard procedure, (see Appendix C), the input-output equations appropriate for the Hamiltonian in (1) are
where all operators are in the Heisenberg picture and hence they are all time-dependent. τ −1 = πV 2 /v g is proportional to the spontaneous emission rate. N = σ + σ − = (σ z + 1)/2 describes the probability of having the atom in the excited state.
The single-photon transport properties are described by the single photon S -matrix, which is related to the input and output operator by
where we used (8) to write a out (p) in terms of a out (t). It is therefore sufficient to first calculate 0| a out (t)|k + and then perform an inverse Fourier transformation to determine the single-photon S -matrix. In the calculations to follow in this and the next section, we will go back and forth between Fourier transforms of the operators, and we will explicitly use t, t ′ to imply time dependent operators and k 1,2 , p 1,2 to denote the time independent Fourier transformed pairs.
The quantity 0| a out (t)|k + can be obtained by sandwiching (10) and (11) between the two states 0| and |k + . We have
0| a out |k + = 0| a in |k
Note that
by the use of (7) and
since |0 has an atomic part that is in the ground state. Using (14)- (15) in (12)- (13) results in a first order ordinary differential equation. By solving it, we get
0| a out |k
After Fourier transforming (17), we obtain the single-photon S -matrix
is the single-photon transmission coefficient. For subsequent calculations, we also define
that measures the excitation of the atom by the single-photon wave when normalized against the incident wave amplitude. t k and s k are related by
These results for single-photon transport agree with [9, 11] , where the scattering wavefunction was directly calculated through a real space formalism. The crucial step in the derivation above is (15) which takes advantage of the single-excitation nature of the input state. Formally, the same result can also be obtained by approximately setting σ z = −1 in (10), and thus linearizing the operator equation. Such a procedure has been commonly adopted in many quantum optics calculations [32] [33] [34] . Typically, such an approximation is justified by assuming a so-called weak excitation limit, where the atom is assumed to be mostly in the ground state. Physically, in the case of single-photon transport, the weak excitation limit is valid, when a single-photon pulse has a duration that is much longer than the spontaneous lifetime of the atom. However, we emphasize that the weakexcitation limit is not always valid in general even for a singlephoton pulse. It has been shown that for the Hamiltonian in (1), a single photon pulse with a duration comparable to the spontaneous emission lifetime can in fact completely invert an atom [35] .
The formalism here removes the need for the assumption of weak-excitation limit when calculating single-photon properties. In fact, we can directly calculate the excitation probability k + |N|k + for the scattering eigenstate |k + . N = σ + σ − and using (16) we have
Here, we again have taken advantage of the fact that |k + is a single-excitation state whereas σ + acting on any state except |0 would result in a multi-excitation state leading to a zero overlap with k + |. More generally, we have
which will be useful when deriving the two-photon S -matrix.
V. TWO-PHOTON TRANSPORT
Our aim in this section is to calculate the two-photon Smatrix based on the results we obtained for the single photon case. We first introduced the two photon S -matrix element in (4). We will begin by inserting an identity operator in between a out (p 1 ) and a out (p 2 )
and use the Fourier transform of (17) to simplify the expression as
Using the Fourier transform of (11) we get
where we used the orthogonality of the scattering eigenstates. Thus, to determine the two-photon S -matrix, we will need to calculate p + 1 |σ − (t)|k 1 k + 2 and take its Fourier transform. Using (10), we obtain the differential equation that describes p
If we can simplify the part that depends on σ z a in , we can then solve the differential equation. Since a in is an annihilation operator for scattering states, by using (7) we can write
and then using (19) results in
which is what we were after. We can now solve the first order ordinary differential equation (20) in a way very similar to the derivation that led to (18) . After some algebra and rearrangement we get
Taking the Fourier transform of the expression above gives us
Lastly, using the relation
This final result agrees with previous calculations using advanced techniques such as the Bethe ansatz 3 in real space [10] , the algebraic Bethe ansatz [14] , and the LSZ formalism in quantum field theory [18, 19] . The derivation here, however, is perhaps more elementary, and thus may serve to make such results more accessible. In addition, the results relate the presence of the background fluorescence, to the excitation of the atoms.
VI. COHERENT STATE COMPUTATION
A traditional use of the input-output formalism is to calculate the correlation function when the input is in a coherent state. Here we briefly outline such a calculation for our system in order to contrast it with the single and two-photon calculations of the previous two sections. For this purpose, we consider a coherent input state |α k , such that a in (t)|α
and calculate, as an example, the G (1) correlation function
Using (11), we have 
Directly solving the equations above provides the values of σ + (t ′ ) and σ − (t) in (22) , while the σ + (t ′ )σ − (t) term can be computed using the quantum regression theorem. These calculations can be found in standard textbooks [22, 23] , in sections related to the properties of resonance fluorescence, and we will not repeat them here. Instead, based on the outline above, we make a few observations about the coherent state computations, as commonly done, and the one and twophoton computations as carried out in this paper.
1. The input-output formalism provides a set of nonlinear operator equations. Therefore, all computations, by necessity, involve the conversion of such operator equations into ordinary differential equations for various operator matrix elements. While the coherent state computations typically involve taking expectation values in terms of the input states, the one and two-photon computations involve matrix elements that have different photon numbers.
2. It is certainly reasonable to expect that the one or twophoton S matrices can be obtained by analyzing various correlation functions for a weak coherent state input. Indeed, the connection between the two-photon out wavefunction, and the g (2) correlation function, has been pointed out in [10] and it is likely that stronger connections exist. This will be carried out in future work. However, if the aim is to determine the S -matrix in the few-photon Fock state Hilbert space, the computation as discussed here should be far more direct.
3. We emphasize that the few-photon computations yield the S -matrix in the few-photon Hilbert space, and thus provide a complete description of all physical processes in the few-photon Fock state Hilbert space. In contrast, computing G (1) or G (2) correlation functions alone do not completely specify the out state for a given incident coherent state in general. Certainly, in the majority of quantum optics experiments at present, one probes a quantum system with a coherent input state, and obtains information about the system by measuring different correlation functions. The coherent state computations, as briefly reproduced above, are adequate to describe these experiments. However, these quantum systems are beginning to be considered as prospective devices which will eventually process quantum states [36, 37] . In such an engineering context, one ultimately has to be able to completely specify the output quantum states. It is in this respect that we hope the few-photon transport computations will prove to be valuable for future engineering applications.
VII. CONCLUSION
In this paper, we extend the input-output formalism of quantum optics to analyze one and two photon scattering in waveguides with a two-level atom inside. We develop the relationship between the input-output operators and the scattering theory which in turn enables us to analytically calculate the photon scattering matrix elements with minimum amount of algebra. We also contrast our calculations for fewphoton Fock state transport with the conventional application of input-output formalism for coherent-state transport. This work helps us go beyond the correlation function analysis in input-output formalism, and leads to exact solutions for the scattering matrix elements.
where τ is defined in (C6). Left going modes have a group velocity which is negative that of the right going modes and that leads to a negative sign in (A1). As a result, starting from the the definition of the input and output operators in (5)-(6), the input and output operators for left going modes have the form
where we note the change of sign in the frequency variable.
Using these results we can show that
which is in a form similar to those that we get in temporal coupled mode theory [38] . We now have all the tools to solve for the scattering that takes place in the two mode model. Let us define even and odd combinations of the operators for the right and left propagating modes as
Using these definitions in (A1)-(A2) we can show
where we see that the interaction part of the Hamiltonian depends only on the even combination of modes. In Sections IV and V we solved for H = H e,0 + H e,1 for a rescaled value of V. The odd part H o,0 is interaction free and hence is also solved. From (A3) we get
where we wrote the Fourier transforms of two-mode inputoutput operators in terms of the combinations of even and odd fields. The get the one photon reflection probability, we look at the scattering matrix element which corresponds to a right propagating input photon and a left propagating output photon
Here we used (A4) and (18) to get the one photon reflection coefficientr k . Similarly, the one photon transmission coefficientt k is given by
Two photon calculations require adding another inputoutput pair. For instance, the scattering matrix element associated with one photon scattering to the right, another to the left when two photons initially propagate to the right is given by 0| r out (p 1 We note that τ ′ = τ/2 due to an extra factor of √ 2 before V in the definition of H 1 . These results agree with equations (52) and (130) in [10] .
The continuous mode operatorã β is related to the discrete modeâ β bỹ a β = L 2πâ β which results in H 0 = dβ ω βã † βã β .
The commutator relationship [ã β ,ã †
To see this result, define f (β) = L 2π δ β,0 . Integrating f (β) will give
As a result, the correct Hamiltonian in the continuum limit is In the discreet case
where V ′ is the physical coupling constant. The factor L −1/2 arises because the photon as created byâ † β has a normalization constant L −1/2 . In the continuum case we get
Thus, the coupling constants in the discrete (V ′ ) and the continuum (V) cases differ by a factor of (2π) −1/2 .
